Published by Institute of Physics Publishing for SISSA/ISAS Received: November 27, 2003 Accepted: January 20, 2004

The cap in the hat: unoriented 2D strings and matrix(-vector) models

Oren Bergman and Shinji Hirano

Department of Physics, Technion, Israel Institute of Technology Haifa 32000, Israel E-mail: bergman@physics.technion.ac.il, hirano@physics.technion.ac.il

Abstract: We classify the possible bosonic and type 0 unoriented open and closed string theories in two dimensions, and find their dual matrix(-vector) models. There are no RP^2 R-R tadpoles in any of the models, but many of them possess a massless tachyon tadpole. Thus all the models we find are consistent two-dimensional string vacua, but some get quantum corrections to their classical tachyon background. Where possible, we solve the tadpole cancellation condition, and find all the tachyon tadpole-free theories.

Keywords: Superstrings and Heterotic Strings, D-branes, Matrix Models.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep012004043 /jhep012004043 .pdf

Contents

1. Introduction 1

2. Unoriented bosonic string 3

3. Unoriented type O strings 4 3.1 Review of critical type 0 strings 4 3.2 Two-dimensional type 0 strings 6 3.3 0B/Ω 8 3.4 0B/^Ω 9 3.5 0A/Ω and 0A/^Ω 11

4. Dual matrix models 12 4.1 Bosonic string 13 4.2 Type 0 14 4.2.1 The 0B models 15 4.2.2 The 0A models 17

5. Discussion 19

A. Channel duality 19 A.1 Cylinder 20 A.2 Möbius strip 20 A.3 Klein bottle 21

B. Some relevant calculations 22 B.1 The GSO projected character of degenerate representation on RP^2 22 B.2 Boundary and cross-cap states 23

1. Introduction

The solution of the c = 1 matrix model in the double scaling limit provided an exact realization of two-dimensional string theory [1]. This has been tested to high precision in perturbation theory (for a review see [2, 3]). The matrix model also predicted a nonperturbative effect scaling as exp(−1/g_s), which was conjectured to be a generic feature of string theory [4]. This conjecture was confirmed by the discovery of D-branes in string theory [5, 6, 7]. However, lacking a clear understanding of D-branes in two-dimensional string theory, it was difficult to test the matrix model beyond perturbation theory (for some recent attempts see [8]). Furthermore, the matrix model created some problems of its own, such as the tunneling instability [9].

– 1 – theory closed D1-brane D0-brane matrix(-vector) model strings open strings bos/Ω_− T Sp(1), 1 Sp(^{n0}_2 ), + 2

0B/Ω_± T –

SO(n_0),_b Sp(^{n0}_2 ),_b

0B/^Ω_− T, C_0

U(2), 1^0_b U(1)^2, 2(±, ∓)_f

Sp(^{n0}_2 ),_b + { 4_{b or f} 2_b + 2_f

0A/Ω_− T, C^+_1

SO(2), 1_b −, 1_f U(n_0),_b + { 2[ + ]_{b or f} [ + ]_b + [ + ]_f 0A/^Ω_− T, C^−_1 Sp(1), 1_b Sp(^{n0}_2 ) × Sp(^{n̄0}_2 ), ( , )_b + 2[( , 1) + (1, )]_{b or f}

Table 1: Tadpole-free unoriented open and closed string theories in two dimensions and their dual matrix(-vector) models.

A breakthrough was made by Zamolodchikov and Zamolodchikov, who recently constructed the D0-brane state in Liouville theory [10]. In light of this, McGreevy and Verlinde proposed to identify the c = 1 matrix model with the quantum mechanics of the open string tachyon on N unstable D0-branes of the corresponding two-dimensional string theory [11]. This conjecture was made precise by the authors of [12]. The equivalence of the c = 1 matrix model and two-dimensional string theory is now understood as a holographic open/closed string duality, similar to AdS/CFT. It is also related to another recent development in string theory, namely the condensation of open string tachyons (for a review see [13]), and the rolling tachyon background [14]. It is remarkable to see two recent eminent ideas blend into a paradigm, albeit in the realm of a simplified model of string theory.

In a further development, a new interpretation of the c = 1 matrix model was proposed in [15, 16]. When the potential of the matrix model is filled symmetrically, it is conjectured to be dual to the two-dimensional type 0B string theory. This avoids the tunneling instability of [9], leading to an unambiguously defined non-perturbative string theory. Many other recent developments have appeared in [17]–[30].

In this paper, we will extend these conjectures to unoriented open and closed string theory. We will classify the possible unoriented bosonic and type 0 string theories in two dimensions (the former was already studied in [31]), solve the tadpole cancellation condition for each one, and construct the corresponding matrix(-vector) models using D0- branes. Our results for the tadpole-free theories are summarized in table 1. More general theories can be found in table 2, and the corresponding matrix models in table 3.

The paper is organized as follows. In section 2 we review the unoriented bosonic string. In section 3 we classify all possible two-dimensional unoriented open and closed type 0 strings. In section 4 we derive the corresponding matrix models by analyzing the D0-branes in each theory, and section 5 contains our conclusions.

As this paper was being written, the paper [32] appeared, with which there is some overlap.

– 2 –

2. Unoriented bosonic string

The two-dimensional unoriented bosonic string was analyzed recently in [31]. Let us review this model and clarify some points. As is well known, gauging the world-sheet parity symmetry of the 26 dimensional critical bosonic string theory gives an unoriented string theory, which has a massless tadpole (for the dilaton and graviton) on RP^2. The easiest way to compute this tadpole is from the one loop Klein bottle amplitude. Channel duality relates this to a tree amplitude involving the square of the RP^2 tadpole. This tadpole can be cancelled against a disk tadpole by introducing open strings. By comparing the Klein bottle, Möbius strip and cylinder amplitudes one finds that cancellation of the massless tadpole requires an open string Chan-Paton gauge group SO(2^{13}). However one is still faced with the problem posed by the closed string tachyon.

In two dimensions the situation is somewhat better, in that the ground state is massless (though we continue to call it a tachyon), and in fact is the only propagating state. It is the tadpole of this state which will concern us. In non-critical string theory one of the dimensions is a Liouville field, which complicates the computation of the one loop amplitudes due to the presence of the bulk and boundary Liouville interactions (cosmological constants). However, the massless tadpoles can be obtained from the one-loop amplitudes in the free field theory, which are easily computable. This is because the massless tadpole in Liouville theory corresponds to the IR pole of the corresponding one-point function (on the disk or RP^2), and the residue is given by the one-point function in the free theory [33, 34]. A heuristic way to illustrate this is to look at just the Liouville zero mode, and treat the bulk interaction perturbatively. In this approximation the one-point function on a Riemann surface with Euler number χ is given by ⟨e^{αϕ}⟩_χ = ∫_∞ −∞ dϕ_0 e^{αϕ0} e^{−χQϕ0−μe2bϕ0 −μB ebϕ0}

= 1 b μ^{− 12b (α−χQ)} ∞∑ k=0 (−1)^k k! ( μ μ^2_B ) α−χQ_{2b +k} Γ ( α − χQ b + 2k ) , (2.1)

where α = Q+2iP . The disk and crosscap (RP^2) both have χ = 1, so the massless tadpole corresponds to the P → 0 pole of the Gamma function at the k = 0 order. The residue of this pole is independent of μ and μ_B , and corresponds to the free field result.

The Klein bottle, cylinder and Möbius amplitudes (per unit volume) found in [31] are (in the tree channel)

A_K = ∫_∞ 0 ds 8π^3

(2.2)

A_C = n^2 ∫_∞ 0 ds 32π^3

(2.3) A_M = ±n ∫_∞ 0 ds 8π^3

, (2.4)

where the sign in the Möbius amplitude refers to the choice we have on how Ω acts on the CP factor. We will denote this choice by Ω_±, in correspondence with the sign of the RP^2

– 3 – tachyon tadpole. The corresponding CP groups are SO(n_1) in the Ω_+ case, and Sp(n_1/2) in the Ω_− case.^1 Since the open string ground state is even under world-sheet parity Ω, the massless open string tachyon is a symmetric matrix in the orthogonal case and a skewsymmetric matrix in the symplectic case. The latter corresponds to the antisymmetric representation of the symplectic group. In the tadpole-free case we therefore get Sp(1) with a tachyon in the 1.

This is also consistent with what is obtained in the exact Liouville calculation [31], using the explicit form of the Liouville crosscap state derived in [35].

3. Unoriented type O strings

3.1 Review of critical type 0 strings

Let us first review the critical type 0 string theories and their orientifolds. Many of the properties we will review are shared by the two-dimensional type 0 theories. The critical type 0 string theories are ten-dimensional modular invariant closed fermionic string theories, which consist of an NS-NS and R-R sector only, with a diagonal GSO projection:

type 0A: (NS+, NS+) + (NS−, NS−) + (R+, R−) + (R−, R+) type 0B: (NS+, NS+) + (NS−, NS−) + (R+, R+) + (R−, R−) .

As such, they are not spacetime supersymmetric, and in fact possess a tachyon in the (NS−, NS−) sector. The type 0 theories also contain two sets of massless R-R gauge fields, C^+_p and C^−_p (these are even and odd linear combinations of the fields in the above sectors), and correspondingly two sets of R-R charged D-branes, D(p + 1)_{η=±}, with p even in type 0B and odd in type 0A [36, 37, 38]. As in the type-II theories, the type 0 theories also possess uncharged and unstable D-branes of the “wrong” dimensions. They also come in two varieties, and are denoted ~Dp_η. The corresponding D-brane boundary states are given by

|D(p + 1)_η⟩ = 1 √ 2 (|B(p + 1), η⟩_{NSNS} + |B(p + 1), η⟩_{RR}) | ~Dp_η⟩ = |Bp, η⟩_{NSNS} . (3.1) It follows immediately from channel duality (appendix A) that open strings between Dbranes of the same sign η are spacetime bosons, and those between D-branes of opposite sign are spacetime fermions. Furthermore, the open string spectrum of the charged Dbranes contains only GSO-even states, whereas that of the neutral D-branes contains both GSO-even and GSO-odd states (and therefore a tachyon in the same sign case).

A number of different unoriented string theories can be obtained from the type 0 theories [39, 38]. These correspond to gauging the discrete symmetries Ω, ^Ω = Ω · (−1)^{FL} , where F_L is the left-moving part of the spacetime fermion number (or NSR parity), and

1Note that this is the opposite convention to the one usually used in critical string theory. There the sign of Ω± refers to the sign of the RP^2 dilaton tadpole (and also the RR tadpole for the superstring), which is the opposite of the RP^2 tachyon tadpole.

– 4 –

Ω^′ = Ω · (−1)^f , where f is the left-moving world-sheet fermion number. In type 0B all three symmetries are involutions, and in type 0A the first two are involutions, whereas Ω^′ generates a Z_4 symmetry. This gives five distinct models: 0B/Ω, 0B/^Ω, 0B/Ω^′, 0A/Ω and 0A/^Ω. The sixth possibility, 0A/Ω^′, is actually equivalent to one of the type 0B models.

The models differ in their perturbative and D-brane spectra, as well as in the RP^2 tadpoles they possess. By channel duality for the Klein bottle (table 6) we can immediately see that because of the diagonal GSO projection (1 + (−1)^{f+f̃} ) in the loop channel, the Ω models have an NS-NS tadpole, but no R-R tadpole. The same is true for the ^Ω models, since the effect of (−1)^{FL} is just to change the sign of the R-R contribution in the trace. On the other hand, the effect of (−1)^f is to change the diagonal GSO projection to ((−1)^f + (−1)^{f̃} ), therefore the Ω^′ model possesses an R-R tadpole, but no NS-NS tadpole.^2 Only this model requires the addition of open strings for consistency, resulting in the Chan-Paton gauge group U(32). However this introduces NS-NS disk tadpoles, including a tachyon tadpole, as well as a massless (dilaton) tadpole.

We can determine the states of the RP^2 NS-NS tadpoles in the Ω and ^Ω models using channel duality. From the action of Ω on the NS-NS and R-R ground states of type 0B [40],

Ω|0⟩_{NS} ⊗ |0⟩_{NS} = |0⟩_{NS} ⊗ |0⟩_{NS} Ω|S^α⟩_R ⊗ | ~S^β⟩_R = −|S^β⟩_R ⊗ | ~S^α⟩_R , (3.2) we see that the Klein bottle amplitude has the form ⟨C, +|Δ|C, −⟩_{NSNS} ∓ ⟨C, +|Δ|C, +⟩_{NSNS} (3.3) in the 0B/Ω and 0B/^Ω theories, respectively. The tachyon contribution cancels in the first case and adds in the second case. Therefore the 0B/Ω model has a dilaton tadpole but no tachyon tadpole, whereas the 0B/^Ω model has a tachyon tadpole but no dilaton tadpole. In type 0A the action of Ω on the R-R ground states is Ω|S^α⟩_R ⊗ | ~S^{β̇}⟩_R = −|S^{β̇}⟩_R ⊗ | ~S^α⟩_R , (3.4) or in other words Ω : C^±_p → ±C^±_p . (3.5) The contributions of C^+_p and C^−_p therefore cancel in the R-R trace, and the Klein bottle in type 0A is just ⟨C, +|Δ|C, −⟩_{NSNS} . (3.6) The 0A Ω and ^Ω models therefore have both a tachyon and a dilaton tadpole.

The main problem with these models, as with the oriented type 0 strings, is the presence of the tachyon (except in the Ω^′ model). Ignoring this for the moment (or assuming the tachyon has rolled down to its true vacuum), we are faced with massless NS-NS tadpoles in 0B/Ω, 0A/Ω and 0A/^Ω. One has two options here: cancel the NS-NS tadpole by adding open strings (in such a way as not to introduce a R-R tadpole), or employ the Fischler- Susskind mechanism. The first option yields the CP gauge groups (SO(n) × SO(32 − n))^2 and SO(n) × SO(32 − n) for the 0B and (both) 0A models, respectively.

2Interestingly, this theory is tachyon-free, since the tachyon is odd under (−1)^f , and therefore under Ω^′.

– 5 –

3.2 Two-dimensional type 0 strings

Two-dimensional type 0 strings were described in [15, 16]. The relevant two-dimensional CFT combines a free N = 1 SCFT corresponding to time, and an N = 1 super-Liouville theory corresponding to space. The latter is given by

S_L = 1 4π ∫ d^2z ( ∂ϕ ¯∂ϕ + ψ ¯∂ψ + ψ̄∂ψ̄ + 2iμ_0b^2ψψ̄e^{bϕ} + μ^2_0b^2e^{2bϕ} ) , (3.7)

and there is an implicit background charge given by Qχ, where χ is the Euler number of the world-sheet, and Q is given by Q = b + 1 b . (3.8)

To get two dimensions we take the limit b → 1, keeping μ = μ_0γ((1 + b^2)/2)/4 fixed, where γ(x) = Γ(x)/Γ(1 − x). The resulting two-dimensional string theories have no propagating physical excitations,^3 and the only propagating fields are the ground states. In the NS- NS sector this is the tachyon, which is actually massless due to the background charge. The R-R sector contains a single massless scalar C_0 (combining the self-dual and antiself-dual parts) in the type 0B case, and a pair of massless vectors C^±_1 in the type 0A case.^4 The considerations of world-sheet fermion spin structures are basically the same as in the ten-dimensional case, so many of the results we described above hold also in the two-dimensional case. The main difference (in the closed string case) is that the Liouville interaction breaks the global (−1)^f symmetry.^5 Consequently the Ω^′ = Ω · (−1)^f model does not exist in two-dimensions.^6 We are left with just the two Ω models, and the two ^Ω models.

Open strings can be incorporated by including boundaries with either Neumann or Dirichlet boundary conditions for the matter and super-Liouville fields. The problem of a Neumann boundary condition for the Liouville field was solved in [33, 43], and the Dirichlet case was solved in [10]. These were later extended to the super-Liouville theory in [44, 45]. This requires the addition of a boundary Liouville action [16] S_{∂L} = 1 2π ∮ dx ( γ∂_xγ − μ_Bbγ(ψ + ηψ̄)e^{bϕ/2} + μ^2_Be^{bϕ} ) , (3.9)

where γ is a boundary fermionic field.

The Liouville Neumann boundary state is labeled by a parameter ν, which is defined by cosh^2(πbν) = μ^2_B 2μ_0 cos ( πb^2 2 ) , (3.10)

and can have four possible spin structures labeled by η and η^′, where η^′ = ±1 corresponds to the R-R and NS-NS sector, respectively. In terms of the Ishibashi states |B, P, η⟩_η′ , the

3There are however discrete physical states [41] (see also [42]).

4There is an imaginary shift ib of the background charge in the R-R sector due to the presence of the fermionic zero modes.

5This is why it cannot be gauged, for μ0 ≠ 0, to yield two-dimensional type-II strings. 6We thank Jaume Gomis for pointing this out to us.

– 6 – theory closed strings open string CP group open string matter T tadpole

bos/Ω_± T

SO(n_1) Sp(^{n1}_2 ) n_1 + 2 n_1 − 2

0B/Ω_± T

SO(n^+_1 )^2 × SO(n^−_1 )^2 Sp(^{n+1}_2 )^2 × Sp(^{n−1}_2 )^2

(n^±_1 , n^±_1 )_b + (n^±_1 , n^∓_1 )_f (n^±_1 , n^±_1 )_b + (n^±_1 , n^∓_1 )_f

2n_1 2n_1

0B/^Ω_± T, C_0

U(n^+_1 ) × U(n^−_1 ) U(n^+_1 ) × U(n^−_1 ) ± b + 2(n^±_1 , n̄^∓_1 )_f ± b + 2(n^±_1 , n̄^∓_1 )_f n_1 + 2 n_1 − 2

0A/Ω_± T, C^+_1

Sp(^{n+1}_2 ) × Sp(^{n−1}_2 ) SO(n^+_1 ) × SO(n^−_1 ) ± b + 2(n^+_1 , n^−_1 )_f ± b + 2(n^+_1 , n^−_1 )_f n_1 + 2 n_1 − 2

0A/^Ω_± T, C^−_1

SO(n^+_1 ) × SO(n^−_1 ) Sp(^{n+1}_2 ) × Sp(^{n−1}_2 ) ± b + 2(n^+_1 , n^−_1 )_f ± b + 2(n^+_1 , n^−_1 )_f n_1 + 2 n_1 − 2 Table 2: Unoriented open and closed string theories in two dimensions.

Cardy boundary states are given by |B; ν, η⟩_η′ = ∫_∞ 0 dP Ψ^{η′}_η (ν, P )|B; P, η⟩_η′ , (3.11) where the different boundary state wave-functions (normalized disk one-point functions) are given by

Ψ^{NS}_η (ν, P ) = (2μ)^{−iP/b}

Γ(1 + iP b)Γ(1 + iP/b) −πiP cos(2πP ν) , (3.12)

Ψ^{RR}_{η=+ sgn(μ)}(ν, P ) = (2μ)^{−iP/b}

Γ(^1_2 + iP b)Γ(^1_2 + iP/b) √ 2π cos(2πP ν) , (3.13)

Ψ^{RR}_{η=− sgn(μ)}(ν, P ) = (2μ)^{−iP/b}

Γ(^1_2 + iP b)Γ(^1_2 + iP/b) √ 2π sin(2πP ν) . (3.14)

Therefore type 0B contains two kinds of R-R charged D1-brane D1_±, and type 0A contains two kinds of neutral D1-brane ~D1_±, as in (3.1). The open string spectrum has no physical states for two type 0B D1-branes of the same sign (since the tachyon is GSO-projected out), and a single massless fermion for two D1-branes of the opposite sign. For the type 0A D1-branes, the physical open string spectrum contains a massless tachyon in the same sign case, and a pair of massless fermions in the opposite sign case (no GSO-projection).

We defer the discussion of the Dirichlet boundary states, i.e. the D0-branes, to the next section, where we will construct the matrix models. Let us next analyze the four possible unoriented models in turn. We will apply what we have learned in the tendimensional models using channel duality of the world-sheet fermionic spin structures, and also verify the results by explicit computation of the relevant amplitudes in the twodimensional models. The results are summarized in table 2.

– 7 –

3.3 0B/Ω

The R-R scalar C_0 is odd under Ω, and the tachyon T is even, so the tachyon is the only propagating degree of freedom in this theory. The non-dynamical R-R two-forms C^±_2 are even, so both D1_η -branes and D1_η-branes are invariant. Exactly the same world-sheet spin structure considerations as in the ten-dimensional case show that there is no RP^2 R-R tadpole, and that there is no tachyon tadpole.^7 We can also demonstrate this by an explicit computation of the Klein bottle amplitude in the free field theory:^8

A_K = 1 2 ∫_∞ 0 dt 2t Tr_{NSNS+RR} ( 1 + (−1)^{f+f̃} 2 Ω e^{−2πt(L0 +~L0)} )

= 1 2 ∫_∞ 0 dt 2t ∫ d^2p (2π)^2 e^{− πt2 (p20+p21)} Tr_{NSNS+RR} ( 1 + (−1)^{f+f̃} 2 Ω ) . (3.15)

Once we ignore the Liouville interaction the actual calculation becomes trivial, since all the excited states in two-dimensional string theory are longitudinal (except for non-propagating discrete states) and thus cancelled out by the ghost contributions. After the usual modular transformation to the tree channel s = π/2t we find

A_K = 2 (2π)^3 ∫_∞ 0 ds (1 − 1) = ∫_∞ 0 ds ⟨T ⟩^2_{O1} , (3.16)

and therefore ⟨T ⟩_{O1} = 0. This model is therefore tadpole-free without open strings.

Nevertheless, one can consider adding open strings by including D1_ηD1_η pairs. This does not introduce a net R-R charge, so the theory is consistent, but it will have a disk tachyon tadpole. We can compute this tadpole from the NS-NS exchange part of the cylinder amplitude. Channel duality tells us that this is

A^{NSNS}_C = n^2_1 2 ∫_∞ 0 dt 2t Tr_{NS} 1 2 e^{−2πtL0} = n^2_1 4 ∫_∞ 0 dt 2t ∫ d^2p (2π)^2 e^{−πt(p20+p21)} , (3.17)

where again the free field computation reduces to just the massless tachyon contribution. In the tree channel this becomes (with s = π/t)

A^{NSNS}_C = n^2_1 4(2π)^3 ∫_∞ 0 ds = ∫_∞ 0 ds ⟨T ⟩^2_{D1η} , (3.18)

and so ⟨T ⟩_{D1η} = n_1/(2(2π)^{3/2}). For completeness we also present the Möbius strip amplitude:

A_M = 1 2 ∫_∞ 0 dt 2t Tr_{NS} ( 1 2 ( 1 + (−1)^f ) Ω e^{−2πtL0} )

= ±n_1 1 2 ∫_∞ 0 dt 2t ∫ d^2p (2π)^2 e^{−πt(p20 +p21)}(−i) 1 2 (1 − 1) . (3.19)

7This was originally pointed out to us independently by Jaume Gomis. 8Our convention for the open string momentum is fixed by L0 =^1_2 ( p^2_0 + p^2_1 ) +· · ·, while the closed string momentum (squared) differs by a factor of^1_4 , thus L0 =^1_8 (p^2_0 + p^2_1) + · · · and ~L0 =^1_8 (p^2_0 + p^2_1) + · · ·.

– 8 –

The −i comes from the action of Ω on the NS ground state. In the tree channel with s = π/4t this becomes

A_M = ±

2n_1 (2π)^3 ∫_∞ 0 ds (−i) 1 2 (1 − 1) = 2 ∫_∞ 0 ds ⟨T ⟩_{D1η} ⟨T ⟩_{O1} . (3.20)

The open string spectrum for n^+_1 D1_+D1_+ pairs and n^−_1 D1_−D1_− pairs contains massless tachyons in the bi-fundamentals (n^+_1 , n^+_1 ) + (n^−_1 , n^−_1 ) of either SO(n^+_1 )^2 × SO(n^−_1 )^2 or Sp(n^+_1 /2)^2 × Sp(n^−_1 /2)^2, and massless fermions in the bi-fundamentals 2(n^+_1 , n^−_1 ).

3.4 0B/^Ω

As in ten-dimensions, this model does not have a R-R tadpole either. It does however have a massless tachyon tadpole, which we will compute below. In this case C_0 is even and C^±_2 is odd, since (−1)^{FL} gives an additional minus sign for all R-R fields. Therefore both T and C_0 survive in the closed string spectrum. On the other hand, since C^±_2 is odd, ^Ω interchanges the D1_η-brane and the D1_η-brane. The invariant D1_ηD1_η combination is neutral, so we denote it ~D1_η, by analogy with the “wrong” dimension neutral D-branes. The open string states on a single ~D1_η can be represented in terms of U(2) Chan-Paton factors as

11 + ¯1¯1 strings : |p; N; I⟩ = 1 √ 2 I_{ij} |p; N; ij⟩ 1¯1 + ¯11 strings : |p; N; σ_1⟩ = 1 √ 2 (σ_1)_{ij} |p; N; ij⟩ 1¯1 − ¯11 strings : |p; N; σ_2⟩ = 1 √ 2 (σ_2)_{ij} |p; N; ij⟩ 11 − ¯1¯1 strings : |p; N; σ_3⟩ = 1 √ 2 (σ_3)_{ij} |p; N; ij⟩ . (3.21)

For n_1 ~D1_η-branes we then have four sectors, labeled by the 2n_1 × 2n_1 matrices Λ = {I, Σ_1, Σ_2, Σ_3}, where Σ_i = I⊗ σ_i.

Let us now compute the relevant one-loop amplitudes. The cylinder amplitude for n_1 ~D1_η-branes is given by

A_C = n^2_1 2 ∫_∞ 0 dt 2t ∫ d^2p (2π)^2

Tr_{NS} ( P^+_{GSO} + P^−_{GSO} + P^−_{GSO} + P^+_{GSO} ) e^{−2πtL0} , (3.22)

where we have explicitly included the sum over the four sectors with the appropriate GSOprojections; the I and Σ_3 sectors contain only GSO-even states, and the Σ_1 and Σ_2 sectors contain only GSO-odd states. This reduces to twice the amplitude for unprojected open NS strings

A_C = 2 · n^2_1 2 ∫_∞ 0 dt 2t ∫ d^2p (2π)^2 e^{−πt(p20+p21)} = n^2_1 (2π)^3 ∫_∞ 0 ds = n^2_1 ∫_∞ 0 ds ⟨T ⟩^2_{~D1η} , (3.23)

– 9 – which reflects the fact that there is no R-R exchange in the closed string channel, and that the “tension” of the ~D1_η is twice that of the D1_η.^9 The Möbius amplitude is

A_M = n_1 2 ∫_∞ 0 dt 2t ∫ d^2p (2π)^2

Tr_{NS} ( P^+_{GSO} ± P^−_{GSO} ± P^−_{GSO} − P^+_{GSO} ) Ωe^{−2πtL0} , (3.24)

where we have included the two possible actions of ^Ω = Ω · (−1)^{FL} on the different CP factors (so Ω here acts only on the Virasoro states). The signs are explained as follows. Recall that the operator (−1)^{FL} exchanges the D1-brane and anti-D1-brane, so its action is equivalent to conjugation by Σ_1. The action of Ω on the CP factors has two possibilities:

Ω : Λ → { Λ^T Σ_3Λ^T Σ_3 .

(3.25)

This follows from the requirement that ^Ω^2 = 1, and the fact that the D1-brane and anti- D1-brane are each invariant under Ω. Combining this with the action of (−1)^{FL} we get ^Ω : Λ → { Σ_1Λ^T Σ_1 Σ_2Λ^T Σ_2 ,

(3.26)

and hence the corresponding signs in (3.24). The amplitude then reduces to

A_M = ±2 · n_1 2 ∫_∞ 0 dt 2t ∫ d^2p (2π)^2

Tr_{NS} P^−_{GSO}Ωe^{−2πtL0}

= ±n_1 ∫_∞ 0 dt 2t ∫ d^2p (2π)^2 e^{−πt(p20+p21)} = ± 4n_1 (2π)^3 ∫_∞ 0 ds = 2n_1 ∫_∞ 0 ds ⟨T ⟩_{~D1η} ⟨T ⟩_{^O1} , (3.27) where in the third equality we used the modular transformation s = π/4t. We conclude that ⟨T ⟩_{^O1} = ±2⟨T ⟩_{~D1η} , (3.28) and denote the two models by ^Ω_±. The tachyon tadpole can only be cancelled for ^Ω_−. The Klein bottle amplitude can be computed in a similar way, but we leave it out as it provides no new information.

The open string spectrum can be read off from (3.26), and the known action of Ω on the ground states. Let us first consider only one type of ~D1_η-brane, say ~D1_+. Of the two GSO-even sectors only one survives, so the symmetry is U(n_1) for both ^Ω_±. In the tadpole-free case we therefore have U(2). The GSO-odd sectors are both even under ^Ω_+, and both odd under ^Ω_−. Since the tachyon wave-function is even the tachyon is in the symmetric representation in the first case, and in the antisymmetric representation in the second case. In the tadpole-free case we therefore have a U(2) singlet tachyon.

9This is different than the tension of a “wrong” dimension brane, which is always √ 2 times the tension of the same dimension brane in the other theory.

– 10 –

By including both types of 1-brane we also get massless fermions. For n^+_1 ~D1_+s and n^−_1 ~D1_−s the “gauge group” is U(n^+_1 ) × U(n^−_1 ), the tachyons are in the symmetric and antisymmetric representations for ^Ω_+ and ^Ω_− case, respectively, and the fermions are in (two copies of) the bi-fundamental representation (and its conjugate). In particular, we have another tadpole-free theory with n^+_1 = n^−_1 = 1, that is with a CP group U(1) × U(1), and two charged massless fermions plus their complex conjugates.

3.5 0A/Ω and 0A/^Ω

As in ten dimensions, both these models produce a tachyon tadpole, but no R-R tadpole. The action of Ω interchanges the (R−, R+) and (R+, R−) sectors, so that C^+_1 is even and C^−_1 is odd. Precisely the opposite holds for the action of ^Ω, since it includes also (−1)^{FL} , namely C^+_1 is odd and C^−_1 is even. The massless NS-NS tachyon is even in both cases.

Let us begin with the Klein bottle amplitude. Note that the R-R sector does not contribute to this amplitude in the loop channel, for either Ω or ^Ω, in type 0A; the contributions of C^+ and C^− cancel. We therefore find

A_K = 1 2 ∫_∞ 0 dt 2t ∫ d^2p (2π)^2 e^{− πt2 (p20+p21)} Tr_{NSNS} ( 1 + (−1)^{f+f̃} 2 Ω )

= 2 (2π)^3 ∫_∞ 0 ds = ∫_∞ 0 ds⟨T ⟩^2_{O1} , (3.29)

and exactly the same for ^Ω. We see that there is a tachyon tadpole in both models (and no R-R tadpole, due to the diagonal GSO-projection).

Now consider adding ~D1_η-branes. The open strings between like-sign branes are NS strings. There are two CP sectors, corresponding to the I and σ_1 sectors of the D1_ηD1_η pair in type 0B (3.21). This follows from Sen’s construction of the ~Dp-brane in type IIA(B) as a projection of a DpDp pair in type IIB(A) by (−1)^{FL} [13]. The projection removes the σ_2 and σ_3 sectors. The cylinder amplitude is therefore given by the amplitude for unprojected NS strings

A_C = n^2_1 2 ∫_∞ 0 dt 2t ∫ d^2p (2π)^2 e^{−πt(p20 +p21)} = n^2_1 2(2π)^3 ∫_∞ 0 ds = n^2_1 ∫_∞ 0 ds ⟨T ⟩^2_{~D1η} . (3.30) To compute the Möbius amplitude we first need to determine how Ω and ^Ω act on the open string sectors. The action on the CP factors is standard

Ω , ^Ω : Λ → ΓΛ^T Γ^{−1} , where Γ = I or Σ_2 . (3.31)

The action on the open string states is then determined by the action on the ground states of the different sectors. In the GSO-even I sector the action is standard Ω, ^Ω|p; 0; I⟩ = −i|p; 0; I⟩ , (3.32) so the would-be vector, which is the first excited state (and the lowest to survive the GSO projection) is odd under Ω and ^Ω. The CP group (which is now not really a gauge group,

– 11 – since there is no gauge field) in both models is therefore SO(n_1) for Γ = I and Sp(n_1/2) for Γ = Σ_2. The action on the GSO-odd sector ground state, i.e. the massless tachyon, can be determined using Sen’s argument [13]: since the ~D1_η-brane world-sheet theory contains a term ∫ C_1 ∧ dt , (3.33)

the transformation property of the open string tachyon t must be the same as that of C_1. But which C_1 is this? As we will review in the next section, only one type of D0-brane is consistent in two-dimensional type 0A string theory, D0_− in our conventions. Since the above term identifies a tachyonic kink as a source for the R-R field C_1, i.e. a D0-brane, the R-R field must be C^−_1 . It follows that the tachyon is odd under Ω and even under ^Ω,

Ω|p; 0; Σ_1⟩ = −|p; 0; Σ_1⟩ (3.34) ^Ω|p; 0; Σ_1⟩ = |p; 0; Σ_1⟩ . (3.35)

Therefore the tachyon belongs to the (anti)symmetric representation of Sp(SO) in the Ω model, and to the (anti)symmetric representation of SO(Sp) in the ^Ω model. The Möbius amplitudes are given by

A_M = ± n 2 ∫_∞ 0 dt 2t ∫ d^2p (2π)^2 e^{−πt(p20+p21)} = ± 2n_1 (2π)^3 ∫_∞ 0 ds (3.36)

A_{^M} = −A_M = ∓

2n_1 (2π)^3 ∫_∞ 0 ds , (3.37)

and therefore

⟨T ⟩_{O1} = ±2⟨T ⟩_{~D1η} (3.38) ⟨T ⟩_{^O1} = ∓2⟨T ⟩_{~D1η} , (3.39) where in both models the upper sign corresponds to the CP group Sp(n_1/2), and the lower sign to SO(n_1). The two tadpole free models are therefore 0A/Ω with CP group SO(2) and a single tachyon, and 0A/^Ω with CP group Sp(1) = SU(2) and a tachyon in the 1.

In the more general situation where we add both types of ~D1_η-branes we get a product CP group, e.g. SO(n^+_1 ) × SO(n^−_1 ), and also massless fermions in bi-fundamental representations. In particular, we can get one more tadpole free model with n^+_1 = n^−_1 = 1, no CP group, no massless tachyons, only a single massless fermion.

4. Dual matrix models

In this section we will propose a dual matrix model for each of the unoriented twodimensional string theories constructed in the previous sections, in terms of the corresponding unstable D0-brane quantum mechanics. To obtain the matrix models for the unoriented theories we need to determine the D0-brane gauge group and open string matter content in each case. This is done using now standard techniques. For each of the four models we will have two choices for the gauge group and/or matter representation, just as

– 12 – theory D0-brane gauge group D0-brane matter

bos/Ω_±

SO(n_0) Sp(^{n0}_2 )

+ n_1 + n_1

0B/Ω_±

SO(n_0) Sp(^{n0}_2 ) b + 2n^−_{1 b} + 2n^+_{1 f} b + 2n^−_{1 b} + 2n^+_{1 f}

0B/^Ω_±

SO(n_0) Sp(^{n0}_2 ) b + 2n^−_{1 b} + 2n^+_{1 f} b + 2n^−_{1 b} + 2n^+_{1 f}

0A/Ω_±

U(n_0) U(n_0) b + n^−_1 [ + ]_b + n^+_1 [ + ]_f b + n^−_1 [ + ]_b + n^+_1 [ + ]_f

0A/^Ω_±

SO(n_0) × SO(n̄_0) Sp(^{n0}_2 ) × Sp(^{n̄0}_2 )

( , )_b + n^−_1 [( , 1) + (1, )]_b + n^+_1 [( , 1) + (1, )]_f ( , )_b + n^−_1 [( , 1) + (1, )]_b + n^+_1 [( , 1) + (1, )]_f Table 3: D0-brane matrix models for unoriented 2d string theories.

in the D1-brane case. What will be slightly less trivial is determining which choice for the D0-branes corresponds to which choice for the D1-branes. Our approach will be to compare the relation between the D1 disk tadpole and the RP^2 tadpole, which we will obtain by computing the D0-D1 cylinder amplitude and the D0-D0 Möbius amplitude, with the corresponding relation obtained in section 3 from the D1-D1 cylinder and Möbius amplitudes. This will fix the D0-brane open string data relative to the D1-brane open string data. The results are summarized in table 3.

4.1 Bosonic string

We begin again with the bosonic string. The D0-brane corresponds to a Liouville Dirichlet boundary state tensored with a c = 1 (and ghost) Neumann boundary state. The former is labeled by a pair of integers (n, m), in one-to-one correspondence with the degenerate conformal families [V_{n,m}]. The open strings between a (1, 1) D0-brane and an (n, m) D0- brane belong to this family [10]. In particular, the physical open string spectrum on a (1, 1) D0-brane contains only a tachyon (which is now truly tachyonic, since the mass is not shifted). This is the D0-brane used in constructing the matrix model for the oriented bosonic string [12]. The role of the other (n, m) D0-branes is not yet clear.^{10} In what follows we will refer to the (1, 1) D0-brane simply as the D0-brane.

It has also been shown that the open strings between the D0-brane and a D1-brane with (continuous) parameter ν correspond to the conformal family [V_α], with α = Q/2+iν/2 [10]. The conformal weights of V_α and V_{n,m} are given by Δ_α = Q^2/4 − (Q − 2α)^2 /4 and Δ_{n,m} = Q^2/4−(nb+m/b)^2/4, respectively. In the (n, m) degenerate module, the null state appears at level nm, so its conformal weight is Δ_{null} = Q^2/4 − (nb − m/b)^2/4.

10For a recent proposal however see [28, 29] and [30].

– 13 –

The cylinder amplitude for the D0-D1 strings is therefore given by (including also the c = 1 matter and ghost contributions):

A_{C,0−1} = n_0n_1 ∫_∞ 0 dt 2t ∫ dp_0 2π e^{−πtp20} e^{− πt2 ν2} = n_0n_1 4π^{3/2} ∫_∞ 0 ds s^{1/2} e^{− π22s ν2} , (4.1)

where n_0 and n_1 are the numbers of D0-branes and D1-branes, and we have performed the usual loop to tree channel transformation for the cylinder s = π/t.

Turning our attention to the D0-D0 strings, let us first consider the more general case of (n, m) D0-branes. To compute the cylinder or Möbius amplitude for (n, m) D0-branes one needs to evaluate the trace in the conformal family [V_{n,m}], and subtract the trace in the null module beginning with the null state. For the cylinder this gives A_{C,0−0} = n^2_0 2 ∫_∞ 0 dt 2t ∫ dp_0 2π e^{−πtp20} ( e^{πt2 (nb+m/b)2} − e^{πt2 (nb−m/b)2} ) , (4.2)

and for the Möbius strip this gives [35] A_{M,0−0} = ±n_0 1 2 ∫_∞ 0 dt 2t ∫ dp_0 2π e^{−πtp20} ( e^{πt2 (nb+m/b)2} − (−1)^{nm}e^{πt2 (nb−m/b)2} ) . (4.3)

The relative factor (−1)^{nm} comes from the fact that the null module begins at level nm, and from the action of Ω on the Virasoro generators ΩL_nΩ^{−1} = (−1)^nL_n. Specializing to the case b = 1 (2d string), and (n, m) = (1, 1), and performing the modular transformation s = π/4t, the Möbius amplitude becomes A_{M,0−0} = ± 2n_0 4π^{3/2} ∫_∞ 0 ds s^{1/2} e^{π24s} . (4.4)

Comparing the large s behavior of this amplitude with the large s behavior of the D0- D1 cylinder amplitude (4.1) we see that the tadpoles are related as ⟨T ⟩_{O1} = ±2⟨T ⟩_{D1}, in agreement with what we found in section 2 using the free field computations of the D1-brane annulus and Möbius amplitudes.

The upper sign in the Möbius amplitude (or the RP^2 tadpole) corresponds to the D0-brane gauge group SO(n_0), and the lower sign to Sp(n_0/2), paralleling the choice of the D1-brane CP group. The open string tachyon on the D0-brane is even under Ω, and therefore transforms in the (anti)symmetric representation in the SO(Sp) case. In addition, there are n_1 scalars in the vector representation of the D0-brane gauge group from the D0- D1 strings. Their mass is given by m^2_{01} = ν^2 4α^′ . (4.5)

These are tachyonic as well if ν is imaginary. In the tadpole-free case we therefore get an Sp(n_0/2) matrix model with a symmetric matrix and two vectors.

4.2 Type 0

The Dirichlet boundary state in super-Liouville theory is again labeled by a pair of integers (n, m). In this case the open strings between a (1, 1) state and an (n, m) state can only be

– 14 –

NS if n − m is even, and R if n − m is odd. The open strings between a (1, 1) and an (n, m) Dirichlet state, and between a (1, 1) Dirichlet state and a ν Neumann state again correspond to the conformal families of V_{n,m} and V_α, respectively, where α = Q/2 + iν/2. However the conformal weights of V_{n,m} and V_α are now given by Δ_{n,m} = Q^2/8 − (nb + m/b)^2/8 and Δ_α = Q^2/8 − (Q − 2α)^2/8 in the NS sector, and by Δ_{n,m} = Q^2/8 + 1/16 − (nb + m/b)^2/8 and Δ_α = Q^2/8 + 1/16 − (Q − 2α)^2 /8 in the R sector. The null state appears at level nm/2 in the (n, m) degenerate module in both the NS and R sectors. As in the bosonic case, we will only be interested in the (1, 1) Dirichlet state.

In super-Liouville theory it turns out that the Dirichlet boundary state is consistent only for one value of the spin structure η, namely for η = − sgn(μ_0).^{11} This implies that there is only one type of D0-brane in two-dimensional type 0A or type 0B string theory. For definiteness let us fix μ_0 > 0. Then in type 0A there is only a D0_−, and in type 0B there is only a ~D0_−. This is also consistent with the fact that in type 0A the exponential tachyon background given by the Liouville interaction allows only the R-R field strength F^− = dC^−_1 to have a non-vanishing time-independent value [16]. It is also consistent with the fact that (−1)^f is not a symmetry. This operator changes the sign of η, and therefore interchanges the two types of D-brane. Had it been a symmetry, both types would have to exist (as in the ten-dimensional theories). Of course the absence of this symmetry does not forbid the presence of the other type of D-brane, as we see in the D1-brane case.

The matrix models for the oriented theories correspond to the quantum mechanics of n_0 ~D0_−-branes in type 0B, and n_0 D0_−-branes plus n̄_0 D0_−-branes in type 0A [16]. The former is therefore the hermitean U(n_0) matrix model, and the latter is the quiver U(n_0) × U(n̄_0) matrix model. Let us now determine the corresponding matrix models for the unoriented theories.

4.2.1 The 0B models

The ~D0_−- ~D0_− open strings are NS strings, so n − m is restricted to be even. Like the ~D1_η- ~D1_η strings in type 0A, there are two CP sectors: the GSO-even I sector, and the GSO-odd Σ_1 sector. The action of Ω and ^Ω on the GSO-even sector is the same as in the case of the type 0A ~D1_η-brane, so the gauge group is SO(n_0) for Γ = I, and Sp(n_0/2) for Γ = Σ_2. To determine the action on the GSO-odd sector we will use Sen’s argument again. The ~D0_−-brane world-line theory contains the term ∫ C_0 ∧ dt , (4.6)

which survives in the unoriented theory. Since C_0 is odd under Ω and even under ^Ω, we conclude that the same holds for the tachyon, namely

Ω|(n, m); 0; Σ_1⟩ = −|(n, m); 0; Σ_1⟩ ^Ω|(n, m); 0; Σ_1⟩ = |(n, m); 0; Σ_1⟩ . (4.7)

11Our convention for η differs from that of [16] by a sign. Compare for example their equation (5.9) with our equation (A.1).

– 15 –

Therefore the tachyon is in the (anti)symmetric representation of the Sp(SO) gauge group in the Ω model, and the (anti)symmetric representation of the SO(Sp) gauge group in the ^Ω model. In addition there are scalar and fermion fields in the vector representation coming from the 0-1 strings. What is not known at this stage is which 0-brane gauge group goes with which 1-brane CP group. To determine this, we will derive the relation between the disk and RP^2 tadpoles from the 0-1 cylinder and 0-0 Möbius amplitudes, and compare with the relation obtained in section 3.

Let us start with the 0-1 cylinder amplitude. As there are two kinds of D1-brane, D1_± in the Ω model and ~D1_± in the ^Ω model, there are two amplitudes to consider. The ~D0_−- D1_− (or ~D1_−) strings are unprojected NS strings, and the ~D0_−-D1_+ (or ~D1_+) strings are unprojected R strings. The NS and R amplitudes are actually the same in two-dimensions, and given by^{12} A_{C,~0−1} = 1 2 n_0n_1 ∫_∞ 0 dt 2t ∫ dp_0 2π e^{−πtp20} e^{− πt4 ν2} = n_0n_1 8π^{3/2} ∫_∞ 0 ds s^{1/2} e^{− π24s ν2} (4.8)

A_{C,~0−~1} = 2A_{C,0−1} . (4.9)

The factor of 2 for the ~D0_−- ~D1_η amplitude is due to the fact that ~D1_η is a D1_ηD1_η combination.

Now consider the ~D0_−- ~D0_− Möbius amplitude. In the Liouville part, we need to sum over the states in the Verma module of V_{n,m}, and subtract the sum over the states in the null submodule. The Liouville Möbius partition function is given by

Z^L_{n,m}(t) = Tr^′_N [ ⟨(n, m), N; I|P^+_{GSO} Ω e^{−2πt} ( L^L_0 −^{ĉL}_{16} ) |(n, m), N; I⟩ ± ± ⟨(n, m), N; Σ_1| P^−_{GSO} Ω e^{−2πt} ( L^L_0 −^{ĉL}_{16} ) |(n, m), N; Σ_1⟩ ] , (4.10)

where the upper and lower signs correspond to the Ω and ^Ω cases, respectively, as follows from (4.7). The Liouville hamiltonian is given by (with ĉ_L = 1 + 2Q^2)

L^{(L)}_0 − ĉ_L 16 = − 1 8 (nb + m/b)^2 + N_B + N_F − 1 16 , (4.11)

and the primed trace denotes the subtraction of the null submodule. There are two points to make about the subtraction. First, the null submodule gets a factor of i^{nm} relative to the full Verma module. This comes from the action of Ω on the superconformal modes, ΩG_rΩ = (−1)^rG_r, in the NS sector. Second, the GSO projection is reversed relative to the full Verma module if nm is odd. These points are elaborated upon in appendix B. For (n, m) = (1, 1) we then get

Z^L_{1,1}(t) = −i ( e^{πt4 (b+1/b)2} ± e^{πt4 (b−1/b)2} ) Z_{GSO+} ∓ ( e^{πt4 (b+1/b)2} ∓ e^{πt4 (b−1/b)2} ) Z_{GSO−} , (4.12)

12We have included an extra factor of 1/2 so that the results we will find below are consistent with those in section 3. We will do so in the type 0A case as well. However, we do not have a clear understanding of how this factor appears from the open string viewpoint. In any case, what we are after is the relative sign of the tadpoles.

– 16 – where the upper signs hold for Ω and the lower signs for ^Ω, and where we have defined

Z_{GSO±} ≡ ϑ_{00}(0, it + 1/2)^{1/2} ∓ ϑ_{01}(0, it + 1/2)^{1/2} 2e^{−iπ/16}η(it + 1/2)^{3/2} . (4.13)

Including ĉ = 1 matter and ghosts (which cancel the oscillator contributions), and CP factors, and taking b → 1, the Möbius amplitudes become A_{M,~0−~0} = ± n_0 4π^{3/2} ∫_∞ 0 ds s^{1/2} [ −i ( e^{π24s} + 1 ) 1 2 (1 − 1) − ( e^{π24s} − 1 ) 1 2 (1 + 1) ] (4.14)

A_{^M,~0−~0} = ± n_0 4π^{3/2} ∫_∞ 0 ds s^{1/2} [ −i ( e^{π24s} − 1 ) 1 2 (1 − 1) + ( e^{π24s} + 1 ) 1 2 (1 + 1) ] , (4.15)

for the Ω and ^Ω cases, respectively. The first of the two terms in the bracket comes from GSO-even states only, and vanishes since there are no propagating GSO-even states. We keep it with the factor (1 − 1) to remind ourselves that the 1 comes from tracing over NS states with a 1 · Ω, and the −1 comes from tracing over NS states with a (−1)^f · Ω. The relative minus sign is due to the fact that the ground state of the NS sector is odd under (−1)^f .

Comparing now (4.9) with (4.15) in the s → ∞ limit for the ^Ω case, we read off ⟨T ⟩_{^O1} = ±2⟨T ⟩_{~D1η} , (4.16) in agreement with what was found in (3.28). It follows that the D0-brane gauge group is SO(n_0) for ^Ω_+ and Sp(n_0/2) for ^Ω_−.

From the large s limit of the Ω amplitude we see that

⟨T ⟩_{O1} = 0 . (4.17)

This is consistent with the result in the previous section. However, in order to fix the D0-brane gauge group we need to compare (4.14) with (3.20) more carefully. In particular, the would-be tadpole corresponds to the leading term ± n_0 4π^{3/2} ∫_∞ 0 ds s^{1/2} [−i(1 − 1)] . (4.18)

As stated above, the 1 comes from an NS trace with 1 · Ω, and the −1 comes from an NS trace with (−1)^f · Ω. By channel duality, these correspond to the leading contributions of the tree amplitudes ⟨B, −|Δ|C, +⟩ and ⟨B, −|Δ|C, −⟩, respectively. The same holds for the 1 and −1 terms in (3.20). Given that the normalization of the D1-brane is fixed by the cylinder amplitude (4.8), we conclude that the gauge group assignment is again SO(n_0) for Ω_+, and Sp(n_0/2) for Ω_−.

4.2.2 The 0A models Since we have fixed μ_0 > 0, type 0A contains only a D0_−-brane. Recalling that C^−_1 is odd under Ω and even under ^Ω, it follows that the D0_−-brane is invariant under ^Ω, and

– 17 – is mapped to the D0_−-brane under Ω. We denote the invariant combination in the second case by ~D0_−. The analysis of the gauge group and matter representation parallels the one for the 1-branes in type 0B (except that the roles of Ω and ^Ω are reversed). In the ^Ω theory the gauge group is either SO(n_0) × SO(n̄_0) or Sp(n_0/2) × Sp(n̄_0/2), the tachyon is in the bi-fundamental representation, and there are additional scalars and fermions in the vector representation. In the Ω theory the gauge group is U(n_0) (for both Ω_±), and the tachyon is either in the symmetric or antisymmetric representation. Here too there are additional scalars and fermions from the 0-1 strings. We will now compute the 0-1 cylinder and 0-0 Möbius amplitudes in order to fix which gauge group goes with which of ^Ω_±, and which tachyon representation goes with which of Ω_±.

The 0-1 cylinder amplitude is exactly the same as in the type 0B case, namely

A_{C,0−~1} = n_0n_1 1 2 ∫_∞ 0 dt 2t ∫ dp_0 2π e^{−πtp20} e^{− πt4 ν2} = n_0n_1 8π^{3/2} ∫_∞ 0 ds s^{1/2} e^{− π24s ν2} (4.19) A_{C,~0−~1} = 2A_{C,0−~1} , (4.20) for the ^Ω and Ω model, respectively. Note that we included an extra factor of 1/2 as we remarked in footnote 12.

For the Möbius amplitude we again consider first the Liouville Möbius partition function for the general (n, m) Dirichlet state. In the ^Ω model it is given by Z^{L,^Ω}_{n,m}(t) = Tr^′_N ⟨(n, m), N| P^+_{GSO} Ω e^{−2πt} ( L^{(L)}_0 −^{ĉL}_{16} ) |(n, m), N⟩ , (4.21) where the primed trace denotes the subtraction of the null submodule. In the Ω model the ~D0_−- ~D0_− strings have four CP sectors, just as in (3.21). The action of GSO and Ω on the CP factors is exactly the same as the action of GSO and ^Ω for the ~D1_±-brane in type 0B. Therefore the Liouville partition function, after summing over the CP factors, yields Z^{L,Ω}_{n,m}(t) = ±2 Tr^′_N ⟨(n, m), N| P^−_{GSO} Ω e^{−2πt} ( L^{(L)}_0 −^{ĉL}_{16} ) |(n, m), N⟩ , (4.22) where the choice of sign corresponds to Ω_±, defined in analogy with (3.26). The computation proceeds in parallel to the type 0B case. For (n, m) = (1, 1) one finds

Z^{L,^Ω}_{1,1} (t) = −ie^{πt4 (b+1/b)2} Z_{GSO+} + e^{πt4 (b−1/b)2} Z_{GSO−} , (4.23)

Z^{L,Ω}_{1,1} (t) = ±2 ( e^{πt4 (b+1/b)2} Z_{GSO−} + ie^{πt4 (b−1/b)2} Z_{GSO+} ) . (4.24)

Including the ĉ = 1 matter and ghosts, and taking b → 1, the Möbius amplitudes become A_{^M,0−0} = ± n_0 4π^{3/2} ∫_∞ 0 ds s^{1/2} (4.25) A_{M,~0−~0} = ± 2n_0 4π^{3/2} ∫_∞ 0 ds s^{1/2} e^{π24s} , (4.26)

for the ^Ω and Ω models, respectively. In the fomer case the sign determines the gauge group as SO(n_0) or Sp(n_0/2), whereas in the latter case the gauge group is U(n_0), and

– 18 – the sign determines the tachyon representation. Comparing (4.25) with (4.19), and (4.26) with (4.20) in the s → ∞ limit, one can read off that

⟨T ⟩_{^O1} = ±2⟨T ⟩_{~D1η} (4.27) ⟨T ⟩_{O1} = ±2⟨T ⟩_{~D1η} . (4.28)

Now comparing these with (3.39) and (3.38), we conclude that in 0A/^Ω the D0-brane gauge group is SO(n_0) × SO(n̄_0) for ^Ω_+ and Sp(n_0/2) × Sp(n̄_0/2) for ^Ω_−, and that in 0A/Ω the tachyon is symmetric for Ω_+ and antisymmetric for Ω_−. This is shown, together with the fundamental scalars and fermions, in table 3.

5. Discussion

We have classified the possible unoriented string theories in two dimensions, and constructed their (conjectured) dual matrix models. The tadpole-free theories are listed in table 1. Unlike RR tadpoles, the massless tachyon tadpole is not inconsistent, but rather is a source of quantum corrections to the classical (tachyon) background [46]. Thus the tadpole-non-free theories are as sensible as the tadpole-free ones, unless the quantum corrections lead to a runaway tachyon potential. Whereas in critical string theory it is not easy to implement the Fischler-Susskind mechanism beyond a small number of loops, we expect that in two dimensions the exact quantum corrected background should be built-in to the dual matrix models. It would be interesting to systematically extract the quantum shifts of the classical background from a matrix model computation.

In the (bosonic and type 0B) oriented case without D1-branes the dual matrix models are equivalent to free fermions in an inverted harmonic oscillator potential. The background is represented by the Fermi surface. It is therefore conceivable that matrix models for tadpole-free theories in general can be described by non-interacting fermions. It is also possible that matrix models for theories with non-vanishing tadpoles may have a description in terms of interacting fermions [47, 48, 49, 50]. It would be very interesting to study the unoriented matrix models in more detail.

Acknowledgments

We would like to thank J. Gomis and Y. Nakayama for useful discussions, and J. Park for pointing out an error in an earlier version of the paper. This work is supported in part by the Israel Science Foundation under grant no. 101/01-1.

A. Channel duality

The cylinder, Möbius strip, and Klein bottle amplitudes can be expressed either as oneloop (open or closed) vacuum amplitudes, or as tree level amplitudes corresponding to the propagation of closed strings between boundary states and/or crosscap states. We refer to the relation between the loop-channel and tree-channel descriptions as channel duality. In this appendix we shall review the channel duality map for the world-sheet fermions.

– 19 –

The results are summarized in tables (4), (5) and (6), where we translate the different spin structures of the wordlsheet fermions into the tree and loop channels for the cylinder, Möbius strip and Klein bottle. The translation tables are equally valid for critical and non-critical superstrings, as they only depend on the topology of the given world-sheet.

A.1 Cylinder

Let us begin with the cylinder. We have to impose two boundary conditions and a periodicity condition on the world-sheet fermions:

Boundary I ψ̃(0, σ^2) = η_1ψ(0, σ^2) Boundary II ψ̃(s, σ^2) = η_2ψ(s, σ^2) Periodicity ψ(σ^1, 2π) = η_3ψ(σ^1, 0) ψ̃(σ1, 2π) = η_4ψ̃(σ1, 0), (A.1)

where η_i = ±1. The four phases are not (η^′, η) tree channel loop channel (+, +) ⟨B, ±|Δ|B, ±⟩_{RR} NS (−1)^f (+, −) ⟨B, ±|Δ|B, ∓⟩_{RR} R (−1)^f (−, +) ⟨B, ±|Δ|B, ±⟩_{NSNS} NS 1 (−, −) ⟨B, ±|Δ|B, ∓⟩_{NSNS} R 1 Table 4: Cylinder channel duality.

independent however. Combining one of the boundary conditions with the periodicity condition applied to that boundary we infer that η_3 = η_4 ≡ η^′. In the tree channel σ^1 plays the role of time and σ^2 plays the role of space. From this point of view the above conditions define boundary states with spin structures |B_I , η_1⟩_η′ and |B_{II} , η_2⟩_η′ , where η^′ = ±1 refers to the R-R and NS-NS sector, respectively. Actually, since we can multiply the left-movers relative to the right-movers by a phase, the amplitude only depends on the product η_1η_2 ≡ η, so there are only four independent spin structures parameterized by η and η^′. In the loop channel the roles of σ^1 and σ^2 are interchanged, so we now find that η = ±1 corresponds to the open string R and NS sector, respectively, and η^′ = ±1 corresponds to the insertion of (−1)^f and 1 in the open string trace, respectively.

A.2 Möbius strip

In the case of the Möbius strip we have to impose one boundary condition, one crosscap condition and a periodicity condition:

Boundary ψ̃(0, σ^2) = η_1ψ(0, σ^2) Crosscap ψ(s, σ^2) = η_2ψ̃(s, σ^2 + π) ψ̃(s, σ2) = η_3ψ(s, σ2 + π) Periodicity ψ(σ^1, 2π) = η_4ψ(σ^1, 0) ψ̃(σ1, 2π) = η_5ψ̃(σ1, 0) .

(A.2)

As in the case of the cylinder, there are only four independent spin structures, which one can take to be parameterized by η = η_1η_2 and η^′ = η_4; multiplication of the left-movers by an overall phase fixes, say, η_2 = +1, the boundary condition then forces η_5 = η^′, and the crosscap condition (applied twice) requires η_3 = η^′. In the tree channel we then

– 20 – have a boundary state |B, η_1⟩^′_η and a crosscap state |C, η_2⟩^′_η, where, as before, η^′ = ±1 corresponds to the R-R and NS-NS sector, respectively. In the loop channel the Möbius strip corresponds to a twisted identification of two opposite boundaries of a rectangle. To get this we first double the range of σ^1 to [0, 2s] by copying the (σ^1, σ^2) plane and reflecting the copy about the σ^1 axis, and then halve the range of σ^2 to [0, π]. In the new domain we define

Ψ(σ^1, σ^2) ≡ { ψ(σ^1, σ^2) σ^1 < s ψ̃(2s − σ1, σ2 + π) σ1 > s Ψ̃(σ^1, σ^2) ≡ { ψ̃(σ1, σ2) σ1 < s η^′ψ(2s − σ^1, σ^2 + π) σ^1 > s .

(A.3)

The conditions (A.2) then imply the boundary condition

Ψ(0, σ^2) = ηΨ̃(0, σ^2) Ψ(2s, σ^2) = ηη^′Ψ̃(2s, σ^2)

and the twisted periodicity condition

Ψ(σ^1, 0) = η^′Ψ̃(2s − σ^1, π) Ψ̃(σ^1, 0) = Ψ(2s − σ^1, π) .

By redefining the left-mover by a phase (η^′, η) tree channel loop channel (+, +) ⟨B, ±|Δ|C, ±⟩_{RR} R (−1)^f · Ω (+, −) ⟨B, ±|Δ|C, ∓⟩_{RR} R 1 · Ω (−, +) ⟨B, ±|Δ|C, ±⟩_{NSNS} NS (−1)^f · Ω (−, −) ⟨B, ±|Δ|C, ∓⟩_{NSNS} NS 1 · Ω Table 5: Möbius strip channel duality.

η we see that η^′ = ±1 corresponds to the R and NS open string sector, respectively, and that η = ±1 corresponds to the two possible insertions (−1)^f · Ω and 1 · Ω. It isn’t immediately clear which insertion corresponds to which sign of η, but an explicit calculation of the amplitude shows that η = +1 corresponds to (−1)^f · Ω, and η = −1 to 1 · Ω (see for example [51], where this was done for the critical superstring).

A.3 Klein bottle The Klein bottle requires two crosscap conditions and a periodicity condition:

Crosscap I ψ(0, σ^2) = η_1ψ̃(0, σ^2 + π) ψ̃(0, σ2) = η_2ψ(0, σ2 + π) Crosscap II ψ(s, σ^2) = η_3ψ̃(s, σ^2 + π) ψ̃(s, σ2) = η_4ψ(s, σ2 + π) Periodicity ψ(σ^1, 2π) = η_5ψ(σ^1, 0) ψ̃(σ1, 2π) = η_6ψ̃(σ1, 0) .

(A.4)

Once again, there are only four independent spin structures, which we take to be parameterized by η = η_1η_3 and η^′ = η_5. We can use the freedom to redefine the left-mover by an

– 21 –

(η^′, η) tree channel loop channel (+, +) ⟨C, ±|Δ|C, ±⟩_{RR} R-R ((−1)^f + (−1)^{f̃} ) · Ω (+, −) ⟨C, ±|Δ|C, ∓⟩_{RR} NS-NS ((−1)^f + (−1)^{f̃} ) · Ω (−, +) ⟨C, ±|Δ|C, ±⟩_{NSNS} R-R (1 + (−1)^{f+f̃} ) · Ω (−, −) ⟨C, ±|Δ|C, ∓⟩_{NSNS} NS-NS (1 + (−1)^{f+f̃} ) · Ω

Table 6: Klein bottle channel duality.

overall phase to fix η_3 = +1. Then the constraints from applying the two crosscap conditions twice give η_2 = ηη^′ and η_4 = η_6 = η^′. The above conditions then define two crosscap states |C_I , η_1⟩^′_η and |C_{II} , η_3⟩^′_η in the tree channel. For the loop channel we again have to work in the domain σ^1 ∈ [0, 2s] and σ^2 ∈ [0, π]. The fermions in the new domain are then defined precisely as in (A.3). We now get a periodicity condition in the σ^1 direction,

Ψ(0, σ^2) = ηΨ(2s, σ^2) Ψ̃(0, σ^2) = ηΨ̃(2s, σ^2) , (A.5)

and a twisted periodicity condition in the σ^2 direction,

Ψ(σ^1, 0) = η^′Ψ̃(2s − σ^1, π) Ψ̃(σ^1, 0) = Ψ(2s − σ^1, π) . (A.6)

Therefore η = ±1 corresponds to the (closed string) R-R and NS-NS sector, respectively, and η^′ = ±1 corresponds to the insertion of ((−1)^f + (−1)^{f̃} ) · Ω and (1 + (−1)^{f+f̃} ) · Ω in the closed string trace, respectively.^{13}

B. Some relevant calculations

In this appendix, we show some details of the computations.

B.1 The GSO projected character of degenerate representation on RP^2 In section 4, we computed the character of degenerate representation on RP^2. Here we will elaborate the details of the calculation in the type 0B case. The generalization to the type 0A case is straightforward. Let us define the GSO projected character on RP^2 by

χ^{GSO±}

I (Δ) ≡ Tr_I ( P^±_{GSO} Ω q^{Δ+NB +NF} ) , χ^{GSO±}

Σ_1 (Δ) ≡ TrΣ1 ( P^±_{GSO} Ω q^{Δ+NB +NF} ) . (B.1)

The trace is over the states in the I sector for χ_I, and those in the Σ_1 sector for χ_{Σ1} , where two CP sectors are defined in section 4. Recall the difference of the Ω-action on the

13The precise correspondence is again verified by an explicit calculation [51]. It may seem odd that the Klein bottle has only four spin structures rather than eight (like the torus), corresponding in the loop channel to the choice of R-R or NS-NS sector, and to the separate insertions Ω, (−1)^f Ω, (−1)^{f̃} Ω or (−1)^{f +f̃} Ω. This is because Ω relates the left-moving state to the right-moving state, and in particular identifies the left and right-moving spin structures.

– 22 – ground state (thus the highest weight state) in each sector. In order to understand how to subtract the null submodule, let us expand the characters and examine the low order terms (we consider the (1, 1) degenerate module, but the generalization to the (n, m) case is straightforward):

χ^{GSO±}

I (Δ) = − 1 2 i [ (1 − iq^{1/2} + · · ·) ± (−1 − iq^{1/2} + · · ·) ] q^Δ ,

χ^{GSO±}

Σ_1 (Δ) = 1 2 [ (1 − iq^{1/2} + · · ·) ± (−1 − iq^{1/2} + · · ·) ] q^Δ . (B.2)

The terms of q^{1/2} corresponds to the null states in the case (n, m) = (1, 1). We would like to compare these with the character of the null module

χ^{GSO±} I ( Δ + 1 2 ) = − 1 2 iq^{1/2} [ (1 − iq^{1/2} + · · ·) ± (−1 − iq^{1/2} + · · ·) ] q^Δ ,

χ^{GSO±}

Σ_1 ( Δ + 1 2 ) = 1 2 q^{1/2} [ (1 − iq^{1/2} + · · ·) ± (−1 − iq^{1/2} + · · ·) ] q^Δ . (B.3)

Then we see that the subtraction should be taken as

χ^{GSO±}

I,Σ_1 (Δ) + iχ

GSO∓ I,Σ_1 ( Δ + 1 2 ) . (B.4)

Note the following two points; We need a factor of i, and the GSO projection must be reversed in the subtraction. For the (n, m) case, the factor of i be replaced by i^{nm}, and the GSO projection is reversed for nm odd and the same for nm even.

Then the Liouville partition function as defined in (4.10) yields Z^L_{n,m}(t) = −i { e^{πt4 (nb+m/b)2}Z_{GSO,+} + i^{nm}e^{πt4 (nb−m/b)2}Z^{n,m}_{GSO,−} } ∓ ∓ { e^{πt4 (nb+m/b)2}Z_{GSO,−} + i^{nm}e^{πt4 (nb−m/b)2}Z^{n,m}_{GSO,+} } . (B.5)

where Z_{GSO,±} are defined in eq. (4.13) and we have defined

Z^{n,m}_{GSO,±} ≡ ϑ_{00}(0, it + 1/2)^{1/2} ∓ (−1)^{nm}ϑ_{01}(0, it + 1/2)^{1/2} 2e^{−iπ/16}η(it + 1/2)^{3/2} . (B.6)

B.2 Boundary and cross-cap states

The boundary states in the super Liouville theory were constructed in [44, 45], by solving the boundary bootstrap equations obtained by making use of the degenerate conformal field and imposing the Cardy condition, generalizing the work of [33, 10]. In this appendix, we will not perform the computation of one-point functions. Instead we use the result obtained in [44, 45] as an input for constructing, in particular, the cross-cap states.^{14} We only consider the NS-NS sector, which is relevant for our analysis.

14The crosscap state for the two-dimensional bosonic string was constructed in [35].

– 23 –

The building block of the boundary and cross-cap states is the Ishibashi states that have the following properties, NSNS⟨B; P ′, ±|Δ|B; P, ±⟩_{NSNS} = δ(P^′ + P ) ϑ_{00}(0, is/π)^{1/2} η(is/π)^{3/2} , (B.7) NSNS⟨B; P ′, ±|Δ|B; P, ∓⟩_{NSNS} = δ(P^′ + P ) ϑ_{01}(0, is/π)^{1/2} η(is/π)^{3/2} , (B.8) NSNS⟨B; P ′, ±|Δ|C; P, ±⟩_{NSNS} = δ(P^′ + P ) ϑ_{00}(0, is/π + 1/2)^{1/2} e^{−iπ/16}η(is/π + 1/2)^{3/2} , (B.9) NSNS⟨B; P ′, ±|Δ|C; P, ∓⟩_{NSNS} = δ(P^′ + P ) ϑ_{01}(0, is/π + 1/2)^{1/2} e^{−iπ/16}η(is/π + 1/2)^{3/2} , (B.10) NSNS⟨C; P ′, ±|Δ|C; P, ±⟩_{NSNS} = δ(P^′ + P ) ϑ_{00}(0, is/π)^{1/2} η(is/π)^{3/2} , (B.11) NSNS⟨C; P ′, ±|Δ|C; P, ∓⟩_{NSNS} = δ(P^′ + P ) ϑ_{01}(0, is/π)^{1/2} η(is/π)^{3/2} , (B.12)

where we have defined Δ ≡ e^{−s(N+ ~N−1/8)}. N = N_B + N_F is the sum of bosonic and fermionic parts of the Virasoro level operator and likewise for ~N.

The NS-NS boundary state for the (1, 1) Dirichlet brane is

|B_{1,1}, −⟩_{NSNS} = ∫_∞ 0 dP Ψ^{NS}_{1,1}(P )|B; P, −⟩_{NSNS} , (B.13)

where the boundary state wave-function Ψ^{NS}_{1,1}(P ) is given by [44, 45]

Ψ^{NS}_{1,1}(P ) = 4 ( πμγ ( bQ 2 ))_{−iP/b} Γ(1 + iP b)Γ(1 + iP/b) −2iπP sinh(πP b) sinh ( πP b ) . (B.14)

The Liouville partition function for the 0-1 open string is given by

Z^{annulus} α=Q/2+iν/2 ≡ μ1 TrNS e −2πt ( L^{(L)}_0 −^ĉ_{16} ) = μ_1e^{− πt4 ν2} ϑ_{00}(0, it)^{1/2} η(it)^{3/2} = μ_1 ( π s )_{1/2} e^{− π24s ν2} ϑ_{00}(0, is/π)^{1/2} η(is/π)^{3/2} = 2μ_1 ∫_∞ 0 dP e^{−sP 2} ϑ_{00}(0, is/π)^{1/2} η(is/π)^{3/2} cos(πνP ) , (B.15)

where μ_1 = 2 for ~D0 − ~D1 in both type 0A and 0B, and μ_1 = 1 for D0 − ~D1 in type 0A, and ~D0 − D1 in type 0B. This determines the NS-NS boundary state for the Neumann brane to be |B_ν , −⟩_{NSNS} = ∫_∞ 0 dP Ψ^{NS}_ν (P )|B; P, −⟩_{NSNS} , (B.16)

where the boundary state wave-function Ψ^{NS}_ν (P ) is given by [44, 45]

Ψ^{NS}_ν (P ) = μ_1 ( πμγ ( bQ 2 ))_{−iP/b} Γ(1 + iP b)Γ(1 + iP/b) −iπP cos(πνP ) . (B.17)

– 24 –

The Liouville partition function (B.5) on RP^2 for type 0B takes, in the tree channel, the form

Z^L_{1,1} = ( π 2s )_{1/2} [ −i ( e^{π216s (b+1/b)2} ± e^{π216s (b−1/b)2} ) Z^{BC−} ∓ ( e^{π216s (b+1/b)2} ∓ e^{π216s (b−1/b)2} ) Z^{BC+} ] , (B.18) where s = π/4t and we have defined Z^{BC±} ≡ ϑ_{01}(0, is/π + 1/2)^{1/2} ± e^{−πi/4}ϑ_{00}(0, is/π + 1/2)^{1/2} 2e^{−3iπ/16}η(is/π + 1/2)^{3/2} . (B.19)

It can be further rewritten as

Z^L_{1,1} = √ 2 ∫_∞ 0 dP e^{−sP 2} [ −i ( cosh ( π(b + 1/b)P 2 ) ± cosh ( π(b − 1/b)P 2 )) Z^{BC−} ∓ ∓ ( cosh ( π(b + 1/b)P 2 ) ∓ cosh ( π(b − 1/b)P 2 )) Z^{BC+} ] . (B.20)

Then the NS-NS cross-cap state can be read off as (up to irrelevant phase factors which will be cancelled upon the inclusion of the matter and ghost parts)

|C⟩_{NSNS} = 1 2 ∫_∞ 0 dP [ Ψ^{NS}_{C−}(P ) (|C; P, +⟩_{NSNS} − |C; P, −⟩_{NSNS}) +

+ Ψ^{NS}_{C+}(P ) (|C; P, +⟩_{NSNS} + |C; P, −⟩_{NSNS}) ] . (B.21)

The cross-cap state wave-function Ψ^{NS}_{C±}(P ) is found to be

Ψ^{NS}_{C−}(P ) = −2 √ 2i ( πμγ ( bQ 2 ))−iP/b Γ(1 + iP b)Γ(1 + iP/b) −2iπP sinh ( πP b 2 ) sinh (πP 2b ) , Ψ^{NS}_{C+}(P ) = 2 √ 2 ( πμγ ( bQ 2 ))−iP/b Γ(1 + iP b)Γ(1 + iP/b) −2iπP cosh ( πP b 2 ) cosh ( πP 2b ) , for the upper sign (0B/Ω̂ model), and

Ψ^{NS}_{C−}(P ) = −2 √ 2i ( πμγ ( bQ 2 ))−iP/b Γ(1 + iP b)Γ(1 + iP/b) −2iπP cosh ( πP b 2 ) cosh ( πP 2b ) , Ψ^{NS}_{C+}(P ) = −2 √ 2 ( πμγ (bQ 2 ))−iP/b Γ(1 + iP b)Γ(1 + iP/b) −2iπP ) sinh (πP b 2 ) sinh (πP 2b ) , for the lower sign (0B/Ω model).

References

[1] D.J. Gross and N. Miljkovic, A nonperturbative solution of D = 1 string theory, Phys. Lett. B 238 (1990) 217;

E. Brezin, V.A. Kazakov and A.B. Zamolodchikov, Scaling violation in a field theory of closed strings in one physical dimension, Nucl. Phys. B 338 (1990) 673; P. Ginsparg and J. Zinn-Justin, 2-d gravity + 1-d matter, Phys. Lett. B 240 (1990) 333; G. Parisi, On the one-dimensional discretized string, Phys. Lett. B 238 (1990) 209; S.R. Das, A. Dhar, A.M. Sengupta and S.R. Wadia, Critical behavior in some D = 1 large-N matrix models, Mod. Phys. Lett. A 5 (1990) 891.

– 25 –

[2] P. Ginsparg and G.W. Moore, Lectures on 2-d gravity and 2-d string theory, hep-th/9304011. [3] I.R. Klebanov, String theory in two-dimensions, hep-th/9108019.

[4] S.H. Shenker, The strength of nonperturbative effects in string theory, RU-90-47 presented at the Cargèse workshop on random surfaces, quantum gravity and strings, Cargèse, France, May 28 - Jun 1, 1990.

[5] J. Dai, R.G. Leigh and J. Polchinski, New connections between string theories, Mod. Phys.

Lett. A 4 (1989) 2073.

[6] J. Polchinski, Combinatorics of boundaries in string theory, Phys. Rev. D 50 (1994) 6041 [hep-th/9407031].

[7] J. Polchinski, Dirichlet-branes and Ramond-Ramond charges, Phys. Rev. Lett. 75 (1995) 4724 [hep-th/9510017].

[8] M. Fukuma and S. Yahikozawa, Nonperturbative effects in noncritical strings with soliton backgrounds, Phys. Lett. B 396 (1997) 97 [hep-th/9609210]; Combinatorics of solitons in noncritical string theory, Phys. Lett. B 393 (1997) 316 [hep-th/9610199]; Comments on D-instantons in c < 1 strings, Phys. Lett. B 460 (1999) 71 [hep-th/9902169].

[9] J. Polchinski, On the nonperturbative consistency of D = 2 string theory, Phys. Rev. Lett. 74 (1995) 638 [hep-th/9409168].

[10] A.B. Zamolodchikov and A.B. Zamolodchikov, Liouville field theory on a pseudosphere,

hep-th/0101152.

[11] J. McGreevy and H. Verlinde, Strings from tachyons: the c = 1 matrix reloaded, J. High Energy Phys. 12 (2003) 054 [hep-th/0304224].

[12] I.R. Klebanov, J. Maldacena and N. Seiberg, D-brane decay in two-dimensional string theory, J. High Energy Phys. 07 (2003) 045 [hep-th/0305159].

[13] A. Sen, Non-BPS states and branes in string theory, hep-th/9904207. [14] A. Sen, Rolling tachyon, J. High Energy Phys. 04 (2002) 048 [hep-th/0203211]. [15] T. Takayanagi and N. Toumbas, A matrix model dual of type 0B string theory in two dimensions, J. High Energy Phys. 07 (2003) 064 [hep-th/0307083].

[16] M.R. Douglas, I. R. Klebanov, D. Kutasov, J. Maldacena, E. Martinec and N. Seiberg, A new hat for the c = 1 matrix model, hep-th/0307195.

[17] E.J. Martinec, The annular report on non-critical string theory, hep-th/0305148. [18] J. McGreevy, J. Teschner and H. Verlinde, Classical and quantum D-branes in 2d string theory, hep-th/0305194.

[19] S.Y. Alexandrov, V.A. Kazakov and D. Kutasov, Non-perturbative effects in matrix models and D-branes, J. High Energy Phys. 09 (2003) 057 [hep-th/0306177].

[20] D. Gaiotto, N. Itzhaki and L. Rastelli, On the BCFT description of holes in the c = 1 matrix model, Phys. Lett. B 575 (2003) 111 [hep-th/0307221].

[21] M. Gutperle and P. Kraus, D-brane dynamics in the c = 1 matrix model, hep-th/0308047. [22] J. McGreevy, S. Murthy and H. Verlinde, Two-dimensional superstrings and the supersymmetric matrix model, hep-th/0308105.

– 26 –

[23] A. Kapustin, Noncritical superstrings in a Ramond-Ramond background, hep-th/0308119. [24] J. Teschner, On boundary perturbations in Liouville theory and brane dynamics in noncritical string theories, hep-th/0308140.

[25] J.L. Karczmarek and A. Strominger, Matrix cosmology, hep-th/0309138. [26] O. DeWolfe, R. Roiban, M. Spradlin, A. Volovich and J. Walcher, On the s-matrix of type-0 string theory, J. High Energy Phys. 11 (2003) 012 [hep-th/0309148].

[27] I.R. Klebanov, J. Maldacena and N. Seiberg, Unitary and complex matrix models as 1-d type-0 strings, hep-th/0309168.

[28] B. Ponsot, Liouville theory on the pseudosphere: bulk-boundary structure constant,

hep-th/0309211.

[29] K. Hosomichi, Bulk-boundary propagator in Liouville theory on a disc, J. High Energy Phys.

11 (2001) 044 [hep-th/0108093].

[30] S. Alexandrov, (m, n) ZZ branes and the c = 1 matrix model, hep-th/0310135. [31] Y. Nakayama, Tadpole cancellation in unoriented Liouville theory, J. High Energy Phys. 11 (2003) 017 [hep-th/0309063].

[32] J. Gomis and A. Kapustin, Two-dimensional unoriented strings and matrix models,

hep-th/0310195.

[33] V. Fateev, A.B. Zamolodchikov and A.B. Zamolodchikov, Boundary Liouville field theory, I.

Boundary state and boundary two-point function, hep-th/0001012.

[34] A.B. Zamolodchikov and A.B. Zamolodchikov, Structure constants and conformal bootstrap in Liouville field theory, Nucl. Phys. B 477 (1996) 577 [hep-th/9506136].

[35] Y. Hikida, Liouville field theory on a unoriented surface, J. High Energy Phys. 05 (2003) 002 [hep-th/0210305].

[36] O. Bergman and M.R. Gaberdiel, A non-supersymmetric open-string theory and S-duality, Nucl. Phys. B 499 (1997) 183 [hep-th/9701137].

[37] I.R. Klebanov and A.A. Tseytlin, D-branes and dual gauge theories in type-0 strings, Nucl.

Phys. B 546 (1999) 155 [hep-th/9811035].

[38] O. Bergman and M.R. Gaberdiel, Dualities of type-0 strings, J. High Energy Phys. 07 (1999) 022 [hep-th/9906055].

[39] M. Bianchi and A. Sagnotti, On the systematics of open string theories, Phys. Lett. B 247 (1990) 517.

[40] E.G. Gimon and J. Polchinski, Consistency conditions for orientifolds and d-manifolds, Phys.

Rev. D 54 (1996) 1667 [hep-th/9601038].

[41] P. Bouwknegt, J.G. McCarthy and K. Pilch, Brst analysis of physical states for 2-d gravity coupled to c ≤ 1 matter, Commun. Math. Phys. 145 (1992) 541; Brst analysis of physical states for 2-d (super)gravity coupled to (super)conformal matter, hep-th/9110031.

[42] K. Itoh and N. Ohta, Brst cohomology and physical states in 2-d supergravity coupled to c ≤ 1 matter, Nucl. Phys. B 377 (1992) 113 [hep-th/9110013]; Spectrum of two-dimensional (super)gravity, Prog. Theor. Phys. Suppl. 110 (1992) 97 [hep-th/9201034].

[43] J. Teschner, Remarks on Liouville theory with boundary, hep-th/0009138.

– 27 –

[44] T. Fukuda and K. Hosomichi, Super Liouville theory with boundary, Nucl. Phys. B 635 (2002) 215 [hep-th/0202032].

[45] C. Ahn, C. Rim and M. Stanishkov, Exact one-point function of N = 1 super-Liouville theory with boundary, Nucl. Phys. B 636 (2002) 497 [hep-th/0202043].

[46] W. Fischler and L. Susskind, Dilaton tadpoles, string condensates and scale invariance, Phys.

Lett. B 171 (1986) 383; Dilaton tadpoles, string condensates and scale invariance, 2, Phys. Lett. B 173 (1986) 262.

[47] E. Brezin and H. Neuberger, Multicritical points of unoriented random surfaces, Nucl. Phys.

B 350 (1991) 513; Large-N scaling limits of symmetric matrix models as systems of fluctuating unoriented surfaces, Phys. Rev. Lett. 65 (1990) 2098.

[48] J.A. Minahan, Matrix models and one-dimensional open string theory, Int. J. Mod. Phys. A 8 (1993) 3599 [hep-th/9204013].

[49] V.A. Kazakov and I.K. Kostov, Loop gas model for open strings, Nucl. Phys. B 386 (1992) 520 [hep-th/9205059].

[50] J. Avan, A. Jevicki and J. Lee, Yangian-invariant field theory of matrix-vector models, Nucl.

Phys. B 486 (1997) 650 [hep-th/9607083];

J. Avan and A. Jevicki, Collective field theory of the matrix-vector models, Nucl. Phys. B 469 (1996) 287 [hep-th/9512147].

[51] O. Bergman, M.R. Gaberdiel and G. Lifschytz, Branes, orientifolds and the creation of elementary strings, Nucl. Phys. B 509 (1998) 194 [hep-th/9705130].

– 28 –